We present a high statistics study of the leptonic decay constant f P of heavy pseudoscalar mesons using propagating heavy Wilson quarks within the quenched approximation, on lattices covering sizes from about 0.7 fm to 2 fm. Varying β between 5.74 and 6.26 we observe a sizeable a dependence of f P when one uses the quark field normalization that was suggested by Kronfeld and Mackenzie, compared with the weaker dependence observed for the standard relativistic norm. The two schemes come into agreement when one extrapolates to a → 0. The extrapolations needed to reach the continuum quantity f B introduce large errors and lead to the value f B = 0.18(5) GeV in the quenched approximation. This suggests that much more effort will be needed to obtain an accurate lattice prediction for f B .
Introduction
The weak decays of D-and B-mesons will allow to extract the Cabibbo-KobayashiMaskawa matrix elements from the experimental data, once the hadronic interactions in the relevant weak matrix elements are determined from QCD. Lattice calculations in principle enable us to compute these QCD effects without model assumptions.
The simulation of heavy-light quark systems in lattice QCD requires lattice spacings a smaller than the inverse relevant masses. At present one reaches values a −1 ∼ 2 to 4 GeV such that D-meson properties are amenable to lattice techniques.
The B-meson cannot be handled in such a direct way with lattice methods. The static approximation on the lattice [1] enables us to calculate the properties of pseudoscalar mesons in the limit of infinite quark mass, and it is very natural to estimate the B-meson matrix elements by interpolating between the D-mass range and the static point. The latter has been investigated by various groups [2, 3, 4, 5, 6, 7, 8] , and it has been shown that (depending on the way one sets the scale) within the range 5.7 < β < 6.3, the value of the leptonic decay constant f stat changes significantly with the lattice resolution [4, 9] . Although the conventional i.e. nonstatic treatment of 'heavy' quarks (applied withinand slightly beyond -the charm region) has been pursued by a number of groups [10] , the a dependence of f P has not yet been systematically studied.
As actual lattice calculations with relativistic heavy quarks do not respect the inequality am q ≪ 1, lattice artifacts are an important issue. It has been suggested that lattice artifacts might be reduced by a modification of the relativistic normalization of states, √ 2κ, at order O(am q ) [6, 11, 12, 13, 14] . In particular, Kronfeld and Mackenzie [13] have given arguments, that heavy quark fields in the Wilson formulation should be normalized by 1 − 3κ/4κ c , which differs significantly from the naive normalization. This has been shown to yield a much smoother 1/M P behaviour towards the static point at a fixed lattice spacing [6, 7] .
The real check of improvement is to observe a flatter a-dependence of f P at fixed m q . In this paper we address this issue by presenting the results of a high statistics study of lattices at β= 5.74, 6.00 and 6.26 (with lattice extensions between 0.7 fm to 2 fm and inverse lattice spacings between 1.2 and 3.2 GeV). The results were obtained using standard Wilson fermions in the quenched approximation. Smearing techniques were needed to improve the saturation of the weak current correlators by the lowest lying states at large times.
The paper is organized as follows: In Section 2 we discuss some details of the calculation, in particular the smearing of operators applied to improve the signals at large time separations. We present a factorization test among local-local, local-smeared and smeared-smeared correlators to ensure ground state dominance. In Section 3 we briefly describe the Kronfeld-Mackenzie proposal to normalize heavy-light states. Our main results are contained in Section 4 where the a-dependence and finite size effects of the leptonic decay constant is presented and the implication of the Kronfeld-Mackenzie normalization at finite values of a is discussed. After extrapolation to the continuum, we perform the interpolation between conventional results and the static point, to obtain the estimate for f B . Summary and conclusions follow in Section 5.
Operators and Smearing
The starting point of this paper is our recent study of leptonic decay constants of heavylight mesons in the static quark limit [4] . There, we optimized our trial wave functions with respect to maximal ground state dominance. In the following we will use the 'best' wave function, i.e. a 'gaussian type' wave function with parameters n = 100 and α = 4, from ref. [4] , where the reader will find more details about our simulation. The parameters of the lattices studied in this work are listed in table 1.
The pseudoscalar decay constant f P is extracted from the lattice matrix element through the relation
Z A is the axial current renormalisation constant, M
is the fourth component of the local axial vector current, and |P > denotes the pseudoscalar ground state. The precise normalization is further discussed in section 3. We define a generalized lattice current by
where
is a smeared light (l) quark field obtained by applying the trial wave function Φ J and h( x, t) the local heavy (h) quark field.
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The aim is to extract the local matrix element by using wave functions optimized to yield early ground state dominance in the meson-meson correlator
We consider four methods to extract the local matrix element < 0|M (c) A constrained fit to the local-smeared correlator C loc,J γ 4 γ 5 (t), using the mass extracted from the smeared-smeared correlator, C J,J γ 4 γ 5 (t).
(d) A fit to the ratio
All fits (unless stated otherwise) have been carried out with the inverse covariance matrix but we have checked that the mean values are not significantly different from the ones resulting from a diagonal χ 2 fit. Ground state dominance has been monitored both by χ 2 and by the plateau in the local mass
In For the subsequent analysis we chose to apply method (d). The quality of the ground state dominance achieved is demonstrated in figure 1 which shows the local masses for β =5.74, 6.00 and 6.26 at a light quark mass of about 2m s . We list our results for f P and M P at several combinations of quark masses in table 3.
How good are local operators?
Having established the success of our smearing techniques we are in the position to examine the onset of ground state dominance in the case of purely local correlators. The ratio of smeared and local correlators [15] 
can be expressed in terms of completely local quantities for sufficiently large time separations t,
if the correlators are dominated by two states with energies m and m + ∆:
and as long as smearing has been operative in the sense that it has suppressed the excited state significantly:
The merits of this factorization test are the following:
• up to terms of order α 2 J the ratio is purely dependent on the local parameters,
• the realm of ground state dominance can be clearly identified since the height of the plateau is known to be one,
• the ratio is dimensionless and has a continuum limit in the range where eq. 9 holds.
In order to determine the onset of ground state dominance in the purely local case we use the combined set of the present data and our previous local results [3, 16] as an input to eq. 8. We show the ratio r γ 4 γ 5 in figure 2 at β = 6.26 for fixed light quark mass (m l ≃ 2m s ) and different heavy quark masses as a function of the time separation in units of GeV −1 . It appears that the plateau regime is reached only at about 5 GeV −1 . The local data alone seem to allow for an earlier plateau in the local mass. According to the present test, however, exploiting the local data under the assumption of ground state dominance at smaller time separations leads to an overestimation of f P [16] . The pre-asymptotic behaviour according to eq. 9 is reflected by the data with a mass gap in the region of 600 MeV as illustrated by the dashed lines in figure 2 .
At all values of the heavy quark mass that we investigated, the gap is consistent with ∼ 600 MeV. The amplitude α loc does, however, increase significantly when the mass of the heavy quark is increased. This entails that the mass-dependence of the decay constant is affected by fitting too early. On the basis of the present data, we estimate that this effect is of the order of the statistical errors for the β = 6.4 data of ref. [17] as well as for the β = 6.26 results of ref. [16] .
In the above interpretation we rely on eq. 11. To some extent this equation is checked by the lattice spacing independence of r Γ which results from eq. 11 (of course, as for any observable that has a continuum limit, the normal kind of a-effects should be there). In figure 3 we display r Γ for different values of β. In agreement with eq. 11, we find that r Γ is independent of β within the statistical errors.
Renormalization
Our quark fields are normalized according to the relativistic normalization (see ref. [4] for the form of the action). Due to the broken chiral symmetry in the Wilson formulation, the lattice axial vector current needs a finite renormalization [18] 
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As an intrinsic short distance quantity, Z A can be calculated in perturbation theory, which at one-loop order gives [19] 
Since the next order term is so far unknown, it is not a priori clear which coupling constant g should be used to evaluate Z A numerically. It is known that the bare coupling g 0 is not a good expansion parameter [20] . A recent analysis of a number of short distance dominated quantities by Lepage and Mackenzie [20] revealed that a mean field approach [21] , which absorbs lattice tadpole contributions into effective quantities in the Wilson action, leads to a substantially better agreement between lattice Monte Carlo results and their perturbative expansions. We therefore use in the following the mean field improved couplingg
as determined from the Monte Carlo simulation. In detail, also other forms of mean field improvements are being used [20, 6 ], but we note that they do not differ appreciably in numerical values and we have to remember that the errors remain of order O(g 4 ) in any case.
Kronfeld and Mackenzie [13] have argued that for quark masses that are comparable to the inverse lattice spacing, an -at order O(am q ) -different normalization of the axial vector current should have matrix elements with smaller lattice artifacts. For comparison, we use this nonrelativistic normalizatioñ
with l and h labelling the light and the heavy quark field. Here, κ c denotes the critical value of the hopping parameter as determined from the vanishing of the pion mass. The renormalization constantZ A is given by [20] 
In the following section we will use both A µ andÃ µ for analyzing the data. The latter is denoted by 'KMc norm'.
Results

Finite a effects
In order to determine physical quantities from lattice calculations, it is crucial to perform the extrapolation a → 0, within a chosen scale. In principle one would like to use f π for this purpose, since then the O(g 4 ) uncertainty in Z A cancels. At present, the statistical errors of f π in our simulation are however too large to pursue this approach. Therefore we will use the string tension, which has small statistical errors, during the extrapolation and convert the result finally into the most 'natural' scale, f π . As stated in the introduction, The  data from table 3 are extrapolated in the standard manner to the chiral limit (see ref. [4] ) and are compiled in table 4. We have determined the a-dependence at fixed values of M P within the range 1.1 GeV ≤ M P ≤ 2.3 GeV. In figure 4 we show the situation with relativistic norm and with the KMc norm. Note, that we had to interpolate between the computed M P values in order to tune for fixed physical M P as β is varied. The interpolation introduces only a minor uncertainty since the dependence of f P on M P is very weak. It was estimated by comparing two-point and three-point interpolations and added to the statistical errors.
It can be seen that the KMc norm has a sizeable impact on f P at present values of the lattice spacing. Contrary to the expectations, however, f P (a) is turned from a very weakly decreasing into a strongly decreasing function. As we increase M P the effect becomes more pronounced. Nevertheless the extrapolated values at a = 0 coincide. We have used a linear extrapolation and omitted those points where the effect of the KMc factor amounts to more than a 60 % change. The linear extrapolation functions have been followed back to the omitted points as dashed lines. These demonstrate that the extrapolation is stable, namely, within the statistical errors one would obtain the same result at a = 0 if all points were included in the extrapolation. Note that according to perturbative arguments, the leading lattice spacing dependence should be linear in a, if the O(g 4 ) terms are numerically small. We come back to that point in section 4.3.
In figure 5 we display the effects of the KMc factor onto the quantitŷ
The first impression is that at fixed and finite values of a the data in KMc norm interpolate smoothly between the D region and the static point and this has been interpreted as improvement [6, 7] . Given the conclusion from figure 4 the improvement does not survive the limit a → 0, however. This is visualized in figure 5 by the error band which refers to the results of the above continuum extrapolation. Note also, that the poor scaling behavior of f P in the KMc norm is already visible in figure 5 .18 of ref. [6] .
Finite size effects
The data we discussed above was obtained on lattices with periodicity in space L of magnitude L √ σ ∼ 3. Here we intend to consolidate our results with respect to possible finite size effects. For that purpose we have plotted in figure 6 f P as a function of L for three pseudoscalars with fixed light quark mass of about 2m s at β = 5.74. As expected finite size effects decrease with increasing heavy quark mass.
In the range L √ σ ≥ 3 we find no significant finite volume effects with a precision of the 7 order of ∼ 2%. Decreasing the light quark mass down to m s we compare the 8 3 × 24 and 12 3 × 24 lattices at β = 5.74, c.f. table 3. There appears to be a small volume effect of maximally 3% ± 2%. This is, however, statistically not significant. So we have kept the volume fixed at L √ σ ∼ 3 throughout our final analysis, but estimate from the above analysis, that there may be a ∼ 5% error involved with this.
Conversion to scale f π
The most 'natural' scale for f P is f π , since the uncertainty due to the renormalization constant Z A cancels out in this case and one may also hope, that the ratio f P /f π is not affected strongly by the quenched approximation. Lattice measurements of f π are generally accompanied by large statistical errors and therefore we have decided to convert our results to this scale only after having performed the a → 0 extrapolation of f P . To achieve this we have decoupled the extrapolations according to
To obtain the denominator of eq. 18 we used both our own data and the results of other lattice groups [6, 8, 22, 23] (all data has been changed to the relativistic normalization). The compilation of the data is shown in figure 7 . Since the a dependence of f π / √ σ is obviously weak, a linear extrapolation to a = 0 is well justified and leads to :
In addition to the quoted statistical error, this quantity has an uncertainty due to the missing O(g 4 ) terms in Z A . This should, however, largely cancel out when we take the ratio eq. 18.
Heavy mass extrapolation
In figure 8 we display our final results 4 at a = 0 in the formf P (1/M P ), together with our static value from ref. [4] . As described in the previous section the scale has finally been converted to f π = 132MeV. The new data appears to depend only weakly on M P . Note however, that the data points carry error bars of order 25% and therefore do not exclude a stronger variation in M P . This is due to the extrapolations to the chiral and continuum limits.
Given this situation we draw an error band that links the conventional results with the static point. The M P dependence of the error band was chosen according to the ansatẑ
At the location of the B meson the error band corresponds to
It is evident from figure 8 that this value is strongly affected by the size and uncertainty of f stat . From the direct continuum extrapolation at the mass of the D, we quote
At a given M P one can extrapolate to a → 0 the ratio f Ps /f P . In the ratio scale ambiguities drop out and additional systematic errors e.g. due to quenching may be reduced. We find that the heavy mass dependence of the ratio is very weak and can be taken as constant in the mass range between the charm and the B mesons. In the continuum limit we obtain f Ps /f P = 1.09(2) at L √ σ ∼ 3, where the statistical error is quite small. We therefore have to remember the finite size uncertainty and finally quote f Ps /f P = 1.09(2)(5).
Summary and conclusions
We have carried out a high statistics analysis of the pseudoscalar decay constant. In the case of purely local operators, the ground state signal is attained only at time separations larger than 5 GeV −1 . For this reason smearing techniques should also be applied in the nonstatic situation.
We observe little volume dependence of f P as long as L √ σ ≥ 3. For 5.74 ≤ β ≤ 6.26, we discover a marked variation with a, if the KMc normalization is used, while the relativistic normalization results in f P -values that are rather insensitive to our variation of a. This implies that KMc does not yet lead to improvement in the sense that finite a results are shifted towards their continuum limit.
In this context, we emphasize that it is misleading to look only at the M P dependence of f P at one value of β. One rather has to work at different β values and to extrapolate to the continuum. Proceeding in this manner we find that the difference originating from the two normalizations vanishes, as it should.
We consider the present investigation as exploratory in spite of the statistics of about 100 independent configurations on the largest lattice. The estimates of f B and f D (see eqs. 21,22) still carry rather large errors originating from the unavoidable extrapolation in a. Study of the a dependence is also necessary when an improved action is used. The extrapolation errors can be greatly reduced with the power of available parallel supercomputers, by increasing the number of points in a with very high statistics.
As we have mentioned, it would also be desirable to perform the whole continuum extrapolation on the ratio f P /f π in order to be completely free of the uncertainties in Z A .
demonstrated for the case of B K that a effects do not necessarily cancel out for these observables [24] . Tables   Table 1: Pseudoscalar decay constant and mass in lattice units as a function of t min , the smallest time separation used in the fit. Smearing is used for the light quark propagator. The results correspond to a light quark mass of about twice the strange quark mass (or We give the pseudoscalar decay constant and mass in lattice units extrapolated to κ u and κ s , as well as the ratio of the decay constant for a light quark fixed to the strange quark mass to that evaluated at the chiral limit, for all the heavy quarks κ h considered. The subscript u and s denote quantities evaluated at the chiral limit and at the strange quark mass respectively. The strange quark mass was fixed using the σ scale. The values of the inverse lattice spacing from the string tension [25] , using √ σ = 420MeV .
For comparison we also give the values determined from our f π and m ρ data. 
